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Abstract 

We recall Mexican needlets from [5]. We derive an estimate for certain types of 
Legendre series, which we apply to the statistical properties of Mexican needlets. 
More precisely, we shall show that, under isotropy and Gaussianity assumptions, 
the Mexican needlet coefficients of a random field on the sphere are asymptotically 
uncorrelated, as the frequency parameter goes to infinity. This property is important 
in the analysis of cosmic microwave background radiation. 
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1 Introduction 

Let A denote the spherical Laplacian. Let {5^ m } for I £ N and m — —I, ■ ■ ■ ,1 be the usual spherical har- 
monics on S 2 . They constitute an orthonormal basis for L 2 (S 2 ) and are eigenfunctions for the Laplacian 
operator with eigenvalues 1(1 + 1), i.e., AY,™ = 1(1 + 1)T™. We shall denote A; = 1(1 + 1). 

By the spectral theorem for the spherical Laplacian A, for any / 6 5(M + ) and t > 0, the operator f(t 2 A) 
is a bounded operator on L 2 (S 2 ). Let K t denote the kernel of operator f(t 2 A) defined on S 2 x S 2 . In 
[5] we observed that f(t 2 A) has an explicit kernel K t , given by 

oc I 

K t (x,y) = £ E f{t 2 h)Yr(x)W(v)- (1) 

1=0 m=-l 

*This work was partially supported by the Marie Curie Excellence Team Grant MEXT-CT-2004- 
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It is easy to see that K t is smooth in (t,x,y) for t > 0. 

In applications to wavelets, one needs to assume /(0) = 0, and we do so in what follows. 
The localization properties of these kinds of kernels have already been studied in detail in [5j ; briefly, we 
showed that for every pair of C°° differential operators X (in x) and Y (in y) on S 2 , and for every integer 
N G No, there exists c := cjy,x.y such that for alH > and x,y S S 2 

t-(2+I+J) 

\XYK t (x,y)\<c- -jr, (2) 



where I := degX and J := degY. (In the case where / has compact support away from 0, and if one 
replaces A; = 1(1 + 1) by I 2 in the formula for Kt, this was earlier shown by Narcowich, Petrushev and 
Ward, in [7] and [9].) In fact our argument worked on general smooth compact oriented Riemannian 
manifolds, not just the sphere. 

Moreover, on the sphere S 2 , the kernel K t [x, y) in ([T]) is rotationally invariant, i.e., K t (x, y) = K t (px, py) 
for any rotation p defined on the sphere. Intuitively, we define ipt,x(y) '■= K t (x,y), then ipt.x(y) can be 
thought of as analogous to "t-dilation" and "^-translation" of the single function tp(y) :— Ki(l,y), where 
1 = (1,0,0) is the "north pole". For more about the analogues of "dilation" and "translation" we refer 
the reader to our earlier work [5]. 

In [5] we also proved that it f € <S(R + ) with /(0) = satisfies a discrete version of Calderon's formula, 
then the associated kernel is a wavelet, i.e., for a > 1 and for a carefully chosen discrete set {aJj,fe}(j,fe)eZxz 
on the sphere and certain weights Pj.k, the collection of {V'j.fc := t 1 j,kK a j(xj^k, •)} constitutes a wavelet 
frame. By this we mean that there exist constants < A < B < oo, such that for any F S L 2 (S 2 ) the 
following holds: 

A\\Ff 2 <J2\(F^j,k)\ 2 <B\\Ff 2 . (3) 

We also showed that, if the points {xj t k} were selected carefully enough, B could be made arbitrarily 
close to B a and A could be made arbitrarily close to A a , where B a /A a — » 1 almost quadratically as 
a — * 1. The frame is therefore a "nearly tight frame". Like before, ipj t k is analogous to a?- dilation 
and a^fc-translation of the function K(l, •). We shall call such a frame needlets based on /. (The term 
"needlets" was used earlier for the frames of Narcowich, Petrushev and Ward.) 
The present work involves the needlets based on the Schwartz functions 

f(s) = S r f (s), (4) 

where / /j e 5(R + ) and r 6 N. For /o(s) = e~ s and r G N, we shall call these needlets Mexican 
needlets. 

Let ij) t,x = K t {x,-), so that V'j.fc = Pj,ki> al ' Xj,k ■ By the spherical harmonic expansion of the kernel of 
f(t 2 A) in {l}, for any F G L 2 (S 2 ) at every scale t and every pixel x we have 

oo I 

@t,x ■= (w***) = E E f(t 2 k)(F,Yn Yr(x). (5) 

1=1 m=—l 

It is standard to denote F(l, m) — (F, Yi >m ) and call it the spherical harmonic coefficient of the function 
F at (I, m). 
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In applications to cosmology (|4j), one assumes that F is a centered Gaussian field which is mean square 
continuous and isotropic (which means that E{F(p{x)p{y)) — E(F(x)F(y)) for every orthogonal trans- 
formation p). In that case, if we set ai :Tn = F(l, m), then the a^ m are a set of Gaussian random variables, 
uncorrelated except for the condition that a; m = (— l) m a; _ TO . Wc define 

oo I 

fo,x = {f, = E E /(^h™ rr(x). (6) 

/ — 1 m— — l 

Note Pt,x is real, since Yi, m = (— l) m ^,-m- Taking t = a 3 and x = Xj.k, Pj,kPt,x become the random 
needlet coefficients (F,if)j,k)- 

The isotropy assumption implies that E(ai tm ai> <m i) = for I I', m ^ m! and E(af ) = q (independent 
of m). Then for any t > and x^y E S 2 , the expectation of f3t,xPt,y is given by 

E(Pt, x 0t, y ) - E /(* 2 A ; ) 2 Q(2/ + l)^ 1/2 (x • y), (7) 

1 /2 

where P ; is the Legendre polynomial of degree I (or Legendre polynomial of index 1/2 and degree /) 

1/2 

and x ■ y is the usual inner product of x and y. The P ; may be defined in terms of the generating 
function 

oo 

(i- 2 ^+a- 1/2 = E p * 1/2 (^- w 

The main goal of this work is to study the behavior of the following quantity, for different x, y on the 
sphere, when t is close to zero: 

Cor^, = M . (9) 

\] E (Plx)\l E {Ply) 

From the statistical point of view, ([9]) is refereed to the correlation of the /^.z and f3t,y at scale £ and at 
positions x, y respectively and is denoted by Cor(/3 t>x , Pt,y)- Using this statistical terminology, we shall 
show that the correlation approaches zero as t 0, if x and y are fixed. That is, they are asymptotically 
uncorrelated. For this, first we prove in Lemma 14.11 that the term in |[7J) is well localized near x = y. 
Then applying this lemma, we present the results concerning the asymptotic uncorrelation in Theorem 
14.21 Note that if p, q > 0, then Cor(p/3 t ,x, qPt, y ) = Cor((3t,x, Pt, v )- Thus if t = a-?, x = xj_k, y — Xj^>, for 
certain k, k', the correlation in ([9]) gives the correlation between needlet coefficients. 

Although the motivation is from statistics and cosmology, our arguments to prove Theorem 14.21 will be 
purely mathematical and will not use this motivation. However, in order to prove this theorem, we 
shall assume some regularity assumptions for the expected values q. (These values are known as the 
angular power spectrum in astrophysics.) Our assumptions will be reasonable, based on the astrophysical 
literature. More precisely, we suppose that q is given by formula of a function u G C°°(IR + ), q := it(Z), 
with the following properties: For some real number a > 2: 
(a) for any k 6 No there exists a constant c,t such that 
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\d k u(s)\ < C k s a ~ k Vs>l, (10) 
and (b) there exist positive constants cq, c\ such that for any s € (1, oo), CQS a < u(s) < c\s a holds. 



With these assumed conditions for the angular power spectrums q , in Theorem 14.21 we will show that 
for any fixed points x and y the expression for the correlation of @t,x and f3 t ,y satisfies 0: there exists a 
constant C > such that 

|Cor(/W t „)l = , 'y^L . * 77T"~~T7W' (ID 



uniformly in (t, x, y), provided 4r — a + 2 > 0. (Here, r is as in ^ and -/V is the least integer greater 
than 2r — a/2 + 1.) Hence, the asymptotic uncorrelation of coefficients for small t holds, for r sufficiently 
large in relation to a. We shall prove this in Theorem [ 



Our main contributions in this work will be as follows: After this introduction to our work, which will 
be concluded by some further historical comments about needlets and Mexican needlets, in Section [2] we 
will present some notation and preliminary definitions. In Section [3] we shall present motivation for this 
work. In section 2J first we study the localization property of {7J) in Lemma 14.11 which has a crucial 
role in the proof of the main theorem. Applying this lemma, in Theorem 14.21 we prove that the random 
needlet coefficients, with the assumed properties for the c/, are asymptotically uncorrelated for any fixed 
angle on the sphere, for r sufficiently large in relation to a. 



1.1 More about Needlet and Mexican Needlets: History 

Needlets were introduced by Narcowich, Petrushev and Ward in [7J. In place of our function /, they 
consider only smooth functions g with compact support away from 0. We prefer to call such a g a "cutoff 
function". As we have indicated, they also used I 2 in place of A; = 1(1 + 1) in the definition (see (Q])), 
which is a minor distinction. 

Asymptotic uncorrelation was first studied in [?]. There the authors assumed that c\ := 9l ^ a ^ for every 
I such that a? <l < a? +l ; here (gj)j is a sequence of functions (they can also be constants), which have 
a uniform bounded differentiability condition up to order M, for some large M. The investigation of 
needlets from a stochastic point of view is due to [2, 3, 4J. Needlets have been used by astrophysicists to 
study cosmic microwave background radiation (CMB). (See for instance [TJ[6] and references therein.) 

Needlets and Mexican needlets each have their own advantages. Needlets have these advantages: for 
appropriate / and Xj_k, needlets arc a tight frame on the sphere (i.e., A = B in l[3"])). The frame elements 
at non-adjacent scales are orthogonal. The random needlet coefficients are asymptotically uncorrelated 
(there is no "r" that needs to be assumed large in relation to a). 

Mexican needlets (as developed in [5], for which f(s) = s r e~ s ) have their own advantages. We write 
down an approximate formula for them which can be used directly on the sphere in [S]. (This formula, 

1 While finishing this paper, we learned by personal communication that simultaneously X. Lan and 
D. Marinucci [8] have obtained an analogous result to Theorem 14.21 The assumptions are not equivalent 
and the approaches are entirely different. We believe both are of independent interest and should be 
utilized. 
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which arises from computation of a Maclaurin series, has been checked numerically. It is work in progress, 
expected to be completed soon, to estimate the remainder terms in this Maclaurin series.) Assuming 
this formula, Mexican needlets have Gaussian decay at each scale. They do not oscillate (for small r) , so 
they can be implemented directly on the sphere, which is desirable if there is missing data (such as the 
"sky cut" of the CMB). Finally, as the proofs in this article will show, the constant C in (fTTj) depends on 
finitely many derivatives of /; so in order to be sure that this constant is small as possible, it is desirable 
to use real analytic functions, such as s r e~ s , as f(s). 

In our opinion, both needlets and Mexican needlets should be utilized in the analysis of CMB, and the 
results should be compared. 



2 Notations and Preliminaries 

Let S 2 denote the unit sphere in R 3 and let 1 = (1,0,0) denote the "north pole". We shall consider S 2 
with its rotationally invariant measure \i. We may write 

L 2 (S 2 ) = egoWi, (12) 

where TLi is the space of spherical harmonic of degree In fact, TLi is the restriction of homogeneous 
harmonic polynomials of degree ( on I 3 . The Laplacian operator for the sphere is in a sense the "re- 
striction" of the Laplacian operator for R 3 on S 2 . We shall denote it by A. A precise formula for A in 
spherical coordinates is given by 

1 9 ( . „ d \ Id 2 

A = ^w{ sm9 de) + ^Ted^ (13) 

where < 9 < it and < ip < 2tt. 
If P 6 H h then 

AP = l(l + l)P, 

which means that the spherical harmonics of degree I are eigenfunctions for A with eigenvalues A/ = 
1(1 + 1). 

Within each space Hi is a unique zonal harmonic Zi, which has the property that for all P € Hi, 
P(l) = (P, Zi). In particular, P is orthogonal to Z x if and only if P(l) = 0. Obviously, Zi(l) = (Z h Zi) 
and Zi(y) is known explicitly in terms of the Legendre polynomials. In fact, if u>2 is the area of S 2 , then 
for c = — , 

Z l (y) = c(2l + l)P l x (y 1 ), (14) 

where y = (yi, y2, 2/3), A = 1/2, and P t x is the Legendre polynomial of degree I associated with A [TU]. In 
the sequel we shall avoid the notation A as A = 1/2. Since 

m) - (0 - 1> (15) 

then 

£i(l)=c(2J+l). (16) 
Hi is a finite dimensional vector space in L 2 (S 2 ) with dimension 



dimHi =21 + 1. 
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We shall choose an orthonormal basis for each Tii, one of whose elements is Zi/\\Zi\\2- For I <E No, let 
{Xl"'Ym=-l ^ e an orthonormal basis of 21 + 1 elements for Hi with central element YJ° = Zi/\\Zi\\2, and 
with Yh = Y_ m . Therefore any F <E L 2 (S 2 ) has a spherical harmonic expansion {Y l m } l m= _ l : 

oo I 

F = ^^F(I,m)^ (17) 

;=0 m=-l 

where F(l,m) := (F,Y l m ) are called the spherical harmonic coefficients. 

Next we introduce notation concerning the discrete version of derivation on a sequence: 

Definition 2.1. Let A + and A~ denote the difference operators defined on any sequence {a;}; e z as 
follows: For all I, 

A+a; =a ;+ i - a; (18) 

A~a ; =ai - ai-i. (19) 

Obviously, the operators A~ and A + commute. 

Suppose {bi}i e z and {czjzgz are any pair of sequences. Then the product rules for the difference operators 
are given as follows: 

A+(6,q) = (A + &z)c I+ i + h(A+ci), (20) 
A-(6 ; c0 = (A-6/)q + bi-x(A~a). (21) 

For two sequences {a;}z g z and we shall say a; is uniformly bounded by bi from above, and write 

ai = 0(bi), if for some positive constant c we have 

\ai | < c 1 6; V ( £ Z. 



3 Motivation 

Following the notations of our earlier work in [5], for any / € 5(M + ) with /(0) = and t > 0, let if t be 
the associated kernel of the operator f(t 2 A), i.e., for any F G L 2 (S 2 ) 

f(t 2 A)F(x) = f K t (x,y)F(y) d/i. (22) 
Js 2 

By expansion in (JTTJ) and the spectral theorem, one has: 

oo I 

lM») := tftfo y) = E E /(* 2A /)^ m (^)^(2/) (23) 

1=1 in — — I 
- oo 

= - E/^ A *) (2f+l)fl(i.w). (24) 
W2 j=i 

From now on, we shall neglect the factor — in the rest of the work, since it will not affect our main results. 



Since (Yj m , Z t ) = Y; m (l) = 0, then 

OO OO 

My) ■= ^iv) = E /(* 2 = E f( t2x i)( 21 + Wivi)- 

1=1 1=1 

As we explained in the introduction, the ipt, generates a needlet frame (based on /) for L 2 
For the scale t > and position x G S 2 , 



i=l m— — l 

Now, suppose that {a/ im } are Gaussian random variables. For t > and x G 5 2 , we set 



OO I 



&.*=E E /(*%Hm*r(z) 



Z— 1 m=—l 

?2 



For i > and any other point y G S , we define the correlation: 



Cox{f} t ,x, Pt,y) = 



where for any random variable u>, E(w) is its expectation. 

As motivated in the introduction, we assume that there exist {q} such that 

E(ai, m av, m >) = ci6iji6 m ,m' V 1,1' , m,m' e Z. 

We first calculate E((3 tjX (3 t ,y) f° r any i > and x,y £ S 2 : 
By the linearity of E and using (f2U)) one obtains: 



E(f3tM = Y J E{a 2 Lm )f{t 2 \ l ) 2 Yr{x)Yr{y) 

I. in 

Surely c\ :— E(af rn ) (which is called the angular power spectrum). Therefore 

E((3t, x Pt,y) = E( 2? + l)cif(t 2 Xi) 2 Pi(x.y), 
i 

and, hence, for i = ywe obtain 

^(/3 t 2 j = E( 2/ + 1 ) c ^(* 2A ') 2p '( 1 )- 

I 

Therefore the correlation formula is given by 

G0T(/3 t ,x, Pt,y) 



E i (2/ + l) Q /(i 2 A i ) 2 P i (x.y) 



E i (2^ + l)Q/(t 2 A i ) 2 P;(l) 
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A similar formula was derived in [4] . 

We will to estimate (|33|) for small t > with following assumptions on the angular power spectrums q: 
Assume that q is given by 

ci = u{l) (34) 

where u is a smooth function on (0, oo) which satisfies the following conditions, for some a £ K>2: 

• (i) for all k € No there exists a constant Ck such that |<9 fe u(s)| < Ck s~ a ~ k (uniformly for all 
s > 1), and 

• (ii) there exist fco , k± > such that 

k s- a < u{s) < kis~ a V s > 1. (35) 



With above assumptions on q, in the next section we show that if Ar + 2 > a, then for two different 
points x, y on the sphere and t > one has: 



\Cor(j3t, x 0t,v)\ 



£ i=1 /(* 2 A0 2 c^(*-y) 



E i= i/(i 2 A0 2 Q^(l) 



< 



Ct 



ir — a+2 



d(x,y) 



2N 



(36) 



where C := C(r, a) is independent of choice of x, y and t and N is the least integer greater than 2r— a/2+1. 
Here r is as in ([1]). The proof will show that in (i) it is enough to assume the condition for all k < Mo 
for some large M . 



Here we shall present an example for u for which the conditions (i)-(ii) are satisfied: 

Example: Say u(s) = F ^°flQ^ S ' > on (0, oo), where: P and Q are polynomials of degree p and q re- 
spectively, and (3 + q — p = a; F is a smooth function defined on R with all bounded derivatives; and P, 
Q and F are all positive on [1, oo), and F > r > on [0, oo). Then, surely, u satisfies (i) and (ii). 



4 The Key Estimate 

For the study of the behavior of 

E ; (2/ + l)c ; /(t 2 A i ) 2 p(^-y) 

E^ + lh/^AO 2 ^!) 1 ! 

when t is close to zero, we first prove the next lemma, which has a crucial role in the proof of our main 
theorem, Theorem 14.21 

Lemma 4.1. Suppose that for {a/}z and p G M the following hold: 
(i) ai = D(l») VI E N, a = 0, and 
f«; /or aMfci,ft 2 eNo, (A-) fel (A+) fe2 a/ = 0(^- 2 ( fel+fe2 )). 
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Define /(cos 9) :— X};=i a i Zi(cos 9). If n + 2 > 0, then for some positive constant the following inequality 
holds uniformly: 

|/(cos0)| <JJ^W V 0<9<tt, (38) 

w/iera TV is the least integer greater than ji/2 + 1. (Observe that here Zi(cos9) is understood as 
(21 + l)Pi(cos9) for the Legendre polynomial of degree I.) 



Proof. In order to verify the estimation l|38p , first we shall examine the spherical harmonics expansion 
of (cos 6* — 1) N f(cos9). That is, for any N S N, we will find the coefficients di in 

(cos0 - l) N f{cos9) = J2 dl z i( cos0 )- ( 39 ) 

(It will follow from our arguments that only the zonal functions appear in the spherical harmonic expan- 
sion of function (cos 9 — 1) N f.) 

Using the following recursion formula for the Legendre polynomials 

{2l + l)(x-l)P l (x) = (l + l)P l+1 (x)-(2l + l)P l {x) + lP l _ 1 (x) Vxe[-l,l], I e N , (40) 
where we put P_x = 0, and with the convention a_i = 0, we obtain the following equalities for N = 1: 
(cos 6>- l)/(cos0) =J2 ai (cos6» - l)Z ; (cos6») (41) 

1=0 

=y ai J - l+ l — ^ — i — \, . 

\2(/ + l) + l + 2/ + 1 2(/-l) + l J V ' y ' 

=E a < \w^ Zl+1 ~ Zl + 2T^i z '-i|( cos0 ) ( 43 ) 



=0 



: E a '-i ^r^(cos0)-x> 2 a '+i 4rr Zi(cos0) (44) 

1=1 1=0 l=-l 

: E a '-i ^TXT^(cos0)-X]«i ^(cos0)+5> m i±±-Z,(cos0) (45) 

(=0 Z=0 Z=0 

: E { ^-r«i-i-fli + ^ai+i 1 2i(cos0) (46) 



2Z + 1 



= E 2m^ a ' _1 ~ 2a/ + a/+1 ) z i( cos61 ) + E ^-y(a;+i - a;) ^/(cos6») (47) 

1=0 1=0 

= ^2a\ Z 1 (cos9) 1 (48) 



where 



1(1 : " 2TTT < ~ a ' _1 ~ 2ai + ai+1 ^ + 2TTT ( - ai+1 ~ ^ 
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In fact aj can be written as follows: 



i\ := {R(l)A+A- + S(l)A~} a t = P{l)a h 



for the sequence elements R{1) and S(l) given as 

/ 



R(l) 



21 + 1 



, S(l) 



1 



21 + 1 



(50) 
(51) 



and the operator P(l) defined as 



P(l) := R(l)A+A- + S(l)A- 



This implies that a] comes from the operation of operator P{1) on a;; more precisely, say a := {a;}, then 



a] = P(l)ai = {R(l)A+A- + S(2)A~} a h 
and a_i = 0. For N > 1, analogously, by iteration one gets 

(cos6» - l) N f(cos0) =Y1 a ? Mcos9), 



(52) 



(53) 



where = P(l) N (ai). To find a upper estimate for the coefficients af 1 , we shall use the following 
estimates for the formulas R and S in (l5l 



R(l) 



I 



21 + 1 



0(1), S(l) 



21 + 1 



or 1 ), 



and in general: 



(A-) ki (A+) k2 R(i) = e>(r (fei+fc2+1) ), 

(A-) fcl (A+) fc2 S(0 = e>(r (fel+fe2+1) ). 



(54) 

(55) 
(56) 



Using the preceding estimates for different exponents fc^'s, the product rules for difference operators, and 
the estimates in (i) and (ii), one obtains the following: 



Now let N be the least integer larger than /i/2 + 1. The equality (|57[) implies 

|^af Z ; (cos0) | <cJ2(2l + l)r 2N+t " <C. 
i i 

Therefore, since I cos 9 — 1 |> c\6 2 for < 8 < tt and some constant c%, we have 



(57) 
(58) 



COS t 



< 



< 



I COS0-1 \ N 

C2 

| cos6>- 1 |* 

C3 



J^af Z z (cos0) 



as desired. 



(59) 
(60) 
(61) 

□ 
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We are now ready to state our main result in the next theorem. We shall suppose that the sequence 
{c;}igN satisfies (i), (ii) of section 3. Then, we have: 

Theorem 4.2. Suppose a > 2 and f(s) = s r /o(s) for a Schwartz function fo on K + and r £ N. 
Assuming that 4r + 2 > a, for any t > and any two different points x, y on the sphere one has 



Y, l= if{t 2 ^?ciZi{x-y) 



< 



Ct 



ir-a+2 



2N 



(62) 



E,=i/(* 2 Ai) 2 c^(l) " d(x,y) 

where N is the least integer greater than 2r — a/2 + 1 and C is independent of x, y and t. 

Proof. Choose an interval I = [a 2 , b 2 } C (0, oo) such that f 2 > c > on /. Choose b\ with a < b\ < b; 
then, if t is sufficiently small, f(t 2 \i) > c whenever a/f < / < b\jt. Then, with the assumptions on the 
coefficients cj) we have the following inequality for the denominator of (|62l) . if t is sufficiently small: Since 
Zi(l) = (21 + 1) up to a positive constant, we have 



£/(t 2 A0 2 c^(l) > 



/=i 



E 

a/(2t)<l<bi/t 



f^hfdZiil) 
{21 + 1) 



a/t<l<bi/t 

>cr 1 r 1+a = c r 2 >o 



(63) 

(64) 
(65) 



To find a upper estimate for the numerator of (|62|) . for < > 0, define 



5t ( S ) := /(i 2 s(s + 1)) = (t 2 s(s + l)) r f (t 2 s(s + 1)) and 
G t (s) :=g t (s) 2 u( S ). 



(66) 
(67) 



By induction on n, one easily sees that 9™/o(i 2 s(s + 1)) is a finite linear combination of terms of the form 
t 2i s j F(t 2 s(s + 1)), where F 6 «S(1R + ), and where n = 2i - j. Since F G 5(R+), there is a constant C 
with \F(t 2 s(s + 1)| < C[t 2 s(s + I)]" 1 . Hence, for s > 1 

\d:f (t 2 s(s + l))\ < cs - n . 



Thus, for i G No the inequality 



\d l gt{s) 2 \ <t ir s ir - 1 Vs>l 



(68) 



(69) 



holds uniformly up to a constant which is independent of t. The estimation (|69[) and the assumptions on 
u, that for any j £ No the inequality \d J u(s)\ < c s~ a ~ J holds uniformly up to a constant c, imply that 
for t > and k £ No the estimation 



4r Ar—k—a 



|<9 fe G t (s)| < t 4r s 

holds uniformly up to a constant, independent of the parameter t. 
By Lemma 14. 1\ for /i = 4r — a we have 



^G f (0^(z-y) 



^fi^kfciZ^x-y) 



4-ir 



< C 



(d(x,y)) 



2N ' 



(70) 

(71) 
(72) 



12 



Using the estimate (|65|) for the denominator, we therefore have that 



Y.i=ittt 2 h) 2 c l Z l {x-y) 
E/=i/(* 2 A;) 2 c^(l) 



< 



d(x,y) 



2N ' 



(73) 



as desired. 



□ 



Remark 4.3. Note that the result of Theorem\4-2\ is true for r = 1 if a < 6. 
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